This paper presents the design and multi-physics optimization of a novel multi-coil magnetorheological (MR) damper with a variable resistance gap (VRG-MMD). Enabling four electromagnetic coils (EMs) with individual exciting currents, a simplified magnetic equivalent circuit was presented and the magnetic flux generated by each voltage source passing through each active gap was calculated as vector operations. To design the optimal geometry of the VRG-MMD, the multi-physics optimization problem including electromagnetics and fluid dynamics has been formulated as a multiobjective function with weighting ratios among total damping force, dynamic range, and inductive time constant. Based on the selected design variables (DVs), six cases with different weighting ratios were optimized using Bound Optimization BY Quadratic Approximation (BOBYQA) technique. Finally, the vibration performance of the optimal VRG-MMD subjected to sinusoidal and triangle displacement excitations was compared to that of the typical multi-coil MR damper.
Introduction
Magnetorheological (MR) dampers with different operation principles have been widely utilized in various vibration control systems, such as vehicle suspension systems (Du et al. 1 and Hiemenz et al. 2 ), seismic protection of cable-stayed bridges (Ok et al. 3 and Muhammad et al. 4 ), aircraft landing gear systems (Batterbee et al. 5 and Batterbee et al. 6 and Powell et al. 7 ), and advanced prosthetic systems (Gudmundsson et al. 8 and Xie et al. 9 ). Similar to passive hydraulic dampers, MR dampers reduce the movements of structures by pushing fluid through an orifice back and forth to deplete the kinetic energy (Mao et al. 10 and Bai et al. 11 ). It is worth noting that smart MR fluids are employed and characterized as stable suspensions of 0.3 to 10 m-sized particles dispersed in non-magnetic carrying fluids, usually a synthetic hydrocarbon (Peng and Li 12 ). In order to develop a magnetic field in the annular orifice, an electromagnet is usually incorporated into the piston and the reservoirs are filled with MR fluids (Du et al. 1 and Bai et al.
11
). With the application of the exciting current through the wire leads, the apparent viscosity of the MR fluid is increased dramatically by forming a yield stress as the magnetic flux passes through it. Therefore, by controlling the input exciting current, the controllable force can be altered according to a command from the controller (Singh et al. 13 ). Much research has been focused on the modeling and testing of the MR dampers, however, little attention has been paid to the geometric optimization of these dampers. The optimization problem is expected to determine the optimal configuration of the MR damper within a constraint on the volume of the cylinder by minimizing a proposed objective function. This is quite challenging because many factors such as the damping force, dynamic range, and the inductive time constant must be considered when forming the optimization problem. Typically, the objective functions have been defined as the valve ratio (Nguyen, Han, et al. 14 ), control energy consumption and response time (Nguyen, Choi, et al. 15 ), total damping force (Yang et al. 16 ), dynamic range (Parlak et al. 17 ), 18 ). Since the abovementioned objective function partially depends on the yield strength of the MR fluid, it is required to evaluate the magnetic field generated within the damper. So far, two approaches have been utilized: analytical calculation and finite element based computation. For example, Rosenfeld and Wereley 18 optimized a volume-constrained MR valve by proposing an analytical design method which relied on the assumption that constant magnetic flux passed through the magnetic circuit. However, for MR dampers with complex geometries, one cannot obtain accurate results using simplified assumptions. On the other hand, by taking its advantages of high accuracy, the Finite Element (FE)-based method has been popularly employed to compute the magnetic circuit for the optimization problem (Nguyen, Han, et al., 14 Nguyen, Choi et al., 15 , and Zhang et al. 19 ). Nguyen et al. 14, 15 utilized ANSYS software to minimize the valve ratio, control energy (Nguyen, Han, et al. 14 and Nguyen, Choi et al. 15 ), and a multi-objective function (Nguyen and Choi 20, 21 ) for different types of MR valves, including single-coil, two-coil, three-coil, and radial/annular. By employing a multi-disciplinary design optimization procedure based on finite element method, Karakoc et al. 22 analyzed the magnetic field and heat distribution of an automatic MR brake and obtained the optimal geometric parameters for maximum braking torque. Parlak et al. 23 proposed a new method which employs both electromagnetics and Computational Fluid Dynamic (CFD) to achieve the desired damper force and maximum controllability of the MR damper via finite element analyses. It should be noted that the optimized geometric parameters are mainly the gap width, coil width, piston radius, and flange thickness (Nguyen and Choi 20 ) . Also the input current and diameter of coil wire were included as the design parameters to optimize the configuration of an MR damper based on the Taguchi experimental approaches (Parlak et al. 17 ). It should be mentioned that the flow channels of all above MR dampers or valves are straight, which hinder the maximum dynamic range to some extent. This problem may be deteriorated especially for a multi-coil MR damper which was first proposed by Spencer et al. 24 to increase the total damping force for a seismic protection system. Though Potnuru et al. 25 and Goldasz and Sapin´ski 26 have proposed a MR valve with tapered annular flow channel to achieve the characteristics of different damping forces in compression and rebound, the advantages of such similar designs have not been fully exploited and need further investigation and optimization. To maintain a large dynamic range while keeping the off-state damper force reasonably low (Singh et al. 13 ), a new multi-coil MR damper with variable resistance gap (VRG-MMD) is proposed and optimized in this study. Therefore, the design variables (DVs) including each flange thickness and radius should be optimized individually. It is noted that the resistance gap should be larger than 1 mm in order to avoid the risk of valve blocking. Furthermore, the optimal design of the VRG-MMD was performed via multi-physics finite element method which analyzed the magnetic field and the MR fluid flow simultaneously. It is shown that the new optimal design can significantly improve the overall performance of the VRG-MMD. Subsequently, a comparison between the VRG-MMD and the typical multicoil MR damper (T-MMD) subjected to sinusoidal and triangle displacement excitations was carried out in terms of the damping force and dynamic range.
Design of a MR damper with a VRG Structure of VRG-MMD
Compared to a single-coil MR damper, the MR damper with multi-stage electromagnetic coils (EMs) was designed to increase the maximum resistance force by elongating the gap (Figure 1(a) ). However, the elongated gap decreases the dynamic ratio to some extent. Therefore, in this study, a new multi-coil MR damper with a variable gap was proposed to enlarge the maximum damping force as well as the dynamic ratio.
Figure 1(b) shows the structure of the initial proposed multi-coil MR damper which is abbreviated to VRG-MMD in the following sections. Please also note that the typical multi-coil MR damper is abbreviated to T-MMD as well. The VRG-MMD consists of an outer cylinder, MR fluid, a piston head, a piston rod, and multi-stage EMs which develop individual magnetic fluxes as shown in Figure 1 . The end covers and seal rings are not shown in the schematic configuration. The VRG-MMD is designed to be double-ended so that it is not necessary to balance the fluid volume change during the motion of the piston inside the hydraulic cylinder. The coil wires were wound on each spool of the piston head and protruded out through a hole in the piston body. The surface of the piston head was designed with a slope; this means that the thickness of the resistance gap is changing when the MR fluid flows. To guarantee the homogenous distribution of the magnetic flux density among the effective areas, the surface of the magnetic poles remains flat.
However, at sufficiently high flow rate, the liquid is most likely to cavitate in the throat where the velocity is the highest and the pressure is the lowest. As a result, vapor bubbles are formed and grow as a consequence of rapid pressure reduction in some regions of the flow. The reconversion of the vapor to liquid leads to a powerful micro-jet of liquid being directed towards the solid surface. This has been known to cause pitting of the piston surface (erosion). The bubbles collapse as they are swept downstream into the high-pressure regions near the end of the stroke, giving lots of noise, unexpected vibrations, and extreme harshness. To prevent the occurrence of low pressures, a non-magnetic tapered filler as shown in Figure 2 was designed to avoid the cavitation by slowly decreasing the local pressure. The cross-sectional area of the filler compensates for the irregular cross-sectional area of a piston head by forming a rectangle, i.e. S 1 ¼ S 2 . Therefore, the angle of the filler can be calculated as
A detailed multi-coil VRG-MMD is shown in Figure 2 and the key geometric parameters are as follows:
. R r radius of the piston rod . R in radius of the inner cylinder . R oc radius of the outer cylinder . R pi radius of ith magnetic poles . L pi length of ith magnetic pole . L p total length of the piston head . W c width of the each EM . L c length of the each EM . h i thickness of ith resistance gap More nomenclatures please see the Appendix. The initial geometric parameters of the VRG-MMD are shown in Table 1 which is determined based on the previous work by Zheng et al.. 27 It can be seen that the angle is proportional to the sum of the thickness of the five effective resistance gaps, as shown in equation (1) . Because of the high magnetic resistance in the fluid flow gaps, a large gap thickness will change the magnetic circuit and decrease the magnetic flux density. However, if the gap thickness is too small, the MR fluid will find it difficult to pass through the gaps even without the applied magnetic fields due to the viscous oil effect. For a convenient fabrication of the MR damper, the gap size is generally specified in the range of 0.5 to 2 mm (Nam et al., 28 ). Here, to maintain a relatively low off-state damping force and minimize the filler, the maximum thickness of the effective resistance gap (h 1 ) is set to 3 mm. Once the thickness of the resistance gap is determined, a pressure drop between the inlet and outlet ports of the resistance gap can be estimated when the MR fluid flows through the annular gap. Moreover, by applying exciting currents to the EMs, closed loop paths containing magnetic flux are generated among the piston head, MR fluid, and outer cylinder; thus additional pressure drop is produced due to the MR effect and therefore the total pressure drop can be controlled.
Magnetic field analysis of the VRG-MMD
Magnetic flux density of the MR fluid. A magnetic system should be tailored to maximize the control efficiency upon different regions of the resistance gaps in terms of two or more magnetic fields (Gu¨th Dirk et al. 29 ). An essential requirement is that neighboring components of the magnetic system be opposite in polarity to achieve a minimum cancellation of the net magnetic flux distribution in the annular gap. Therefore, 
the directions of the exciting currents applied to the neighbor electromagnets (EMs) should be opposite, as shown in Figure 3 (a). The magnetic system can be regarded as a simplified system, consisting of five magnetic yokes, four EMs, and the resistance gap with its five active and four inactive regions. For simplified analysis of the magnetic field, the magnetic circuit is represented by a simplified magnetic equivalent circuit shown in Figure 3 (b). To further illustrate, the symbols are adopted to represent the components of the magnetic equivalent circuit. The four EMs are labeled as external voltage sources, which generate the magnetomotive forces # CI , # CII , # CIII , # CIV respectively. The five active regions of MR fluid are represented by constant resistors R m,C1 , R m,C2 , R m,C3 , R m,C4 , and R m,C5 , respectively. Please note that the magnetic core losses (i.e. hysteresis loss and eddy current loss) are not considered in the schematic diagram for the desired qualitative analysis.
As explained previously, each of the EMs can be applied with the exciting current individually. In other words, when only one EM, for example, EM II , generates the magnetomotive force, # CII , the magnetic flux passes each of the active MR fluid regions with ; cII , respectively. However, when two or more current-carrying EMs generate the magnetomotive forces, the resultant magnetic flux which pass through each active gap can be understood as a vector operation of the magnetic flux generated by each voltage source. Therefore, the resultant magnetic flux that passes through each active gap can be expressed by ) and numerical approach (Nguyen, Han et al., 14 Nguyen, Choi et al. 15 , and Hadadian et al. 30 ). Due to many simplified assumptions, the accuracy of the magnetic field distribution obtained using analytical solutions may be far from reality (Hadadian et al. 30 ). However, the numerical approach based on the finite element method has been gaining more popularity in the literature.
In this section, a finite element model is constructed to examine and analyze the average magnetic field intensity and magnetic flux density along the annular gap. The material used for the piston and cylinder was AISI 1018 steel and the fluid selected was MRF-140CG from Lord Corporation. Since the geometry of the VRG-MMD structure is axisymmetric, a two dimensional (2D) axisymmetric model was adopted to reduce the computation cost, as shown in Figure 3 (a). In the Finite Element Method (FEM) solutions, it was obvious that the magnetic field intensity and the magnetic flux density were not constant along the radial nor the axial directions (Nguyen and Choi 31 ). It was also found that the effective length of the active gap was definitely longer than the geometric length of the magnetic pole. Therefore, the magnetic flux and the average magnetic flux density across the active regions can be determined as follows ; sum,i
where B mr,i ðsÞ is the magnetic flux density at each nodal point on the ith defined path along the active region where magnetic flux passes. S Ã pi is the effective region of the ith magnetic poles (S Ã pi ¼ S pi ). Figure 4 shows the magnetic flux density of each magnetic pole on the fluid region with four exciting currents increasing synchronously from 0.5 to 2 A by a step of 0.5 A. Obviously, the magnetic flux density of the MR fluid increases with the increment of exciting currents and the decrement of the resistance gap thickness. It is inevitable that the distribution of the magnetic flux density in the active region is inhomogeneous. Because the magnetic flux always concentrates on the two corner points of the magnetic poles when passing through the resistance gap, therefore, it is necessary to evaluate the average magnetic flux density of the MR fluid to achieve an accurate result, as indicated by equation (4) . Further observation indicates that by adjusting the gap thickness h i from 3 to 1 mm, the average magnetic flux density of the MR fluid varies from 0.8 to 1.3 T when an exciting current of 2 A is applied to each EM. Thus, the gap thickness h i is significantly sensitive to the magnetic flux density as well as the fluid flow, which will be explained in the following sections.
Inductive time constant and control energy. For the realtime control systems, it is desirable that the MR damper has a fast time response. Thus, the inductive time constant of the MR damper is an important index and it should be implemented into the design for practical applications. The inductive time constant is defined as the time needed for current flowing in an inductive circuit to reach 63.2% of its steady-state value and it can be expressed as (Nguyen, Choi, Lee, et al.
Correspondingly, the power consumption of the EMs can be calculated as follows
In the equation above, I j is the exciting current applied to the jth EM and R w is the resistance and N cj is the number of turns for the jth EM, N cj ¼ A cj =ð Â A w Þ. A cj and A w are the cross-sectional areas of the jth EM and copper wire respectively. Therefore, equations (5) and (6) can be rewritten as 
For the VRG-MMD with the initial geometric parameters, the maximum inductive time constant occurs in the EM IV , as shown in Figure 5 . Obviously, the inductive time constant decreases as the exciting current increases, as indicated by equation (7). However, the average inductive time constant of the initial VRG-MMD reaches 200 ms, which means that the multi-coil MR dampers have a slower response than single-coil MR dampers. In other words, more attention should be paid to the time response when using the multi-coil MR dampers. On the other hand, the maximum power consumption of the control energy also occurs in the EM IV ( Figure 6 ). The total control energy consumed by the EMs is around 30 W when an exciting current of 2 A is applied to each of the EM.
Fluid dynamic analysis of the VRG-MMD
Damping force. As shown in Figure 1(b) , the VRG-MMD is divided into upper and lower chambers, both of which are fully filled with the MR fluid (MRF-140CG). As the piston moves under external excitations, the MR fluid flows from one chamber to the other through the variable annular gap. Here, the frictional force of the VRG-MMD is neglected and the total damping force can be expressed as follows assuming a quasi-static behavior.
By substituting the effective upper and lower effective piston areas (Ã pu andÃ pl ) with the geometric parameters shown in Figure 2 , equation (9) can be rewritten as follows
The damper force was evaluated by the total pressure drop (ÁP) occurring inside the hydraulic cylinder due to the fluid flow which experiences the following phenomena (Singh et al. 13 ):
(a) Viscous losses due to friction along the piston (b) Minor loss due to entrance, exit, sudden/gradual expansion, and contraction (c) MR effect
The pressure drops due to viscous losses (a) and minor losses (b) are proportional to the squared fluid velocity and are given as
where K m k is the kth minor loss coefficient along the fluid flow path and " V m k is the corresponding average fluid velocity. These minor loss coefficients are semiempirical and adopted from hydraulic handbooks (White 33 and Idelchik 34 ). " V i and " V j are the average Figure 6 . Power consumption (control energy). fluid velocities in the active and inactive fluid regions along the resistance gap and are given as
where
whered pc is the thickness of the VRG. e is the average pipe wall roughness; is the fluid density and is the fluid viscosity.
The field-dependent pressure drop due to MR effect (c), with an m-stage coil configuration is generally calculated as m times each field-dependent pressure drop within a single-coil configuration (Singh et al. 13 ). However, as explained in ''Magnetic field analysis of the VRG-MMD'' section, the phenomena of superposition and cancellation occurs in the five magnetic poles when exciting currents are applied to the EMs individually. Therefore, to improve the accuracy of the pressure drop due to MR effect, the field-dependent pressure drop with m-stage coil configuration is evaluated by
The field-induced yield stress of the MR fluid as a function of the applied magnetic field intensity (H mr ) can be approximately expressed as follows using the least square curve fitting method.
where k ¼ 9:2E À 9 À 5:4E À 6 2:83E À 4 ½ 0:31 0:015, the units of y and H mr are kPa and kA=m, respectively. Dynamic range. A key performance index is the dynamic range, which is defined as the ratio of the total damper force to the off-state damping force and a large value of the dynamic range is desirable.
As explained before, the numerical approach was adopted to compute the off-state damping force under external excitations using FEM software COMSOL 4.4. For computational time reduction, the computational domain was reduced to a 2D axisymmetric fluid model. This model was meshed with quadrilateral elements by controlling the number of elements: 191,880 and the average element quality: 0.8748. Please note that the fluid region was meshed separately with very small element size to obtain accurate velocity profiles. The boundary conditions applied to the fluid model correspond to: (a) no-slip for the fluids at the inner cylinders and piston walls; (b) an inlet at the initial end and an opening at the end of the fluid region with a relative pressure. In this study, the MR fluid was assumed to be incompressible, while the flow was considered to be laminar. The enhanced wall treatment was used to predict the off-state pressure drop between the upstream and downstream. Quasi-steady simulations were conducted for input piston velocities varying from 0.25 to 1 m/s. Figure 5 shows the results of pressure contours obtained from the numerical simulation. The initial viscosity of the MRF-140CG is ¼ 0.28 PaÁs and its density is ¼ 3540 kg/m 3 at room temperature. According to equation (9), the off-state damping force is obtained based on the viscous pressure drops shown in Figure 5 . Further investigation shows that the gap thickness is considerably sensitive to the local pressure drop as mentioned before (Figure 7) .
The controlled pressure drop due to yield stress was evaluated by equations (17) and (18) using the magnetic FE simulation (B-field) obtained in ''Magnetic field analysis of the VRG-MMD'' section. Some design parameters are sensitive to the fielddependent pressure drop: exciting current, number of coil wire turns, radius, and length of each magnetic pole (R pi and L pi ). These analyses were conducted with the exciting current varying from 0.25 to 2.0 A and each local pressure drop due to yield stress was shown in Figure 8 . As can be seen, the fourth magnetic pole generates the maximum field-dependent pressure drop and the first magnetic pole, the minimum. This means that the length elongation of the magnetic pole (L pi ) increases the field-dependent pressure drop and similarly, the radius increment of the magnetic pole (R pi ) also increases the field-dependent pressure drop. However, to lower the off-state damping force, both the length and radius of the magnetic pole should be in a reasonable range. Therefore, the dynamic range as shown in equation (19) is an important index for evaluating the performance of the VRG-MMD. Obviously, the dynamic range l is reversely proportional to the piston velocity as indicated in Figure 9 . The maximum dynamic range l reaches 11.25 with each input current I j ¼ 2.0 A and an input velocity "
Optimization of the VRG-MMD Objective function
In this section, the objective of the optimization problem is to obtain the optimal geometry of the VRG-MMD via a commercial finite element-based optimization tool. It is clear that high damping is desirable to reduce vibration quickly, however, a low off-field damping force is required to increase the controllability. It should be also noted that the adaptability to different situations (impulsive load, etc.) is significantly affected by the inductive time constant. Therefore, a multi-objective function must be established to evaluate the overall performances of the VRG-MMD (Nguyen and Choi 20 and Hadadian et al. 30 ). Thus, a non-dimensional multi-objective function including the concerned performance indices (total damping force, dynamic range, and inductive time constant) is expressed as follows
where F d , l, and T are the total damping force, dynamic range, and the inductive time constant, respectively. The parameters F dr , l r , and T r are the references which are evaluated based on the initial geometric parameters shown in Table 1 . Moreover, the coefficients , , and are the respective weighting factors which aim to combine multiple objective functions into a single objective function. The value of the weighting factors is determined according to the requirements of the specific applications (Hadadian et al. 30 ). For a given damper volume (known values of R in and L p ), the geometric parameters (the coil width W c , the pole radius R pi , and the pole length L pi , etc.) affecting the overall performance of the VRG-MMD considerably are selected as the DVs. During the optimization process, real-time re-meshing has been enabled in an effort to obtain accurate results. After solving the magnetic circuit of the VRG-MMD by FE analysis, the average magnetic flux density ( " B mr,i ) in ith region and the inductive time constant are calculated by equations (4) and (5), respectively. The yield stress of each active region is then estimated from the polynomial approximation shown in equation (18) . Once the yield stress of each active region is obtained, the damping force and dynamic range can be obtained combing equations (9) and (19) . The multi-objective function developed in equation (20) is solved using the Bound Optimization BY Quadratic Approximation (BOBYQA), which is a powerful derivative-free algorithm for solving bound constrained optimization problems (Powell and Michael 35 ). A general outline of the steps to optimize the DVs of the VRG-MMD using the BOBYQA algorithm is shown in Figure 10 . Before the execution of the optimization, the DVs and state variables with their limits and tolerances as well as the convergence criteria must be specified. It is known that the magnetic flux density is proportional to the exciting current. Without losing any generality, the exciting current is set as I j ¼ 1½A and the input piston velocity as " V p ¼ 0:5 ½m=s. For a given damper volume (R in ¼ 20½mm and L p ¼ 200½mm) , the design space of the selected DVs is limited by specifying the lower and upper tolerances
It is noted that the maximum angle of the filler should be less than 80 for damper compactness. Therefore, we can mathematically formulate the multi-objective optimization problem as
So far, there is no clear regulation for selecting the weighting factors. As a result, different combinations of the weighting factors which are empirically specified definitely have great impact on the damping capacity and consequently achievable performances (Zhu et al. 36 ).
Results and discussion
After executing the optimization procedure developed in ''Objective function'' section, the optimal solutions were summarized in Tables 2 to 7 . It can be seen that the performance of the VRG-MMD with the optimum configurations has been significantly improved in comparison with those in reference. As expected, the optimum pole lengths (L p2 ,L p3 , L p4 ) are different from each other. However, authors in current literatures usually design the pole length as
for an m-stage EMs (Singh, et al. 13 and Nguyen, Han et al. 14 ) . In fact, the magnetic field is significantly affected by the magnetic pole length L pi . By increasing the length of L pi , more MR fluid is exposed to the magnetic field and consequently a larger yield stress can be generated. Once each pole radius R pi is adjusted individually, the average magnetic flux density of each active region differs a lot. But more attention should be paid to the sensitivity of the off-state damping force to the alteration of the pole radius R pi . This is because large pole radius R pi (small gap thickness) can dramatically increase the off-state damping force. Furthermore, as explained previously, there are superposition and cancellation of the magnetic flux upon the magnetic poles when exciting currents are applied to each EMs. Therefore, it is extremely desirable to Table 2 . Optimal configuration of the VRG-MMD:
VRG-MMD: variable resistance gap multi-coil MR damper; BOBYQA: Bound Optimization BY Quadratic Approximation. Table 3 . Optimal configuration of the VRG-MMD: have the pole radius R pi and pole lengths L pi varied according to the specified multi-objective function. . It is indicated that all the pole radii R pi except R p2 take their upper limit value of 19 mm and coil width W c takes its upper limit value of 10 mm. This is in complete agreement with the physical perception of the problem. Table 3 shows the optimal configuration of the MR damper when the weighting factors are selected as ¼ 0, ¼ 1, ¼ 0. It can be concluded that two approaches are employed by BOBYQA for maximizing the dynamic range: reducing the off-state force by decreasing the pole radius R pi and increasing the fielddependent force by elongating the pole length L pi . At the optimal dynamic range, the optimal objective was found to be almost 72% increment compared with the reference value. Table 4 shows the optimal configuration of the MR damper when the weighting factors are selected as ¼ 0, ¼ 0, ¼ 1. The inductive time of the multi-coil damper is defined as the maximum inductive time generated by each EM. The optimal solution shows that the inductive time of the VRG-MMD can be reduced by decreasing the pole length L pi and coil width W c , as indicated by equation (7).
It is noteworthy that the values of the weighting factors are selected depending on each specific damping system. If the MR damper is used for seismic protection against earthquake, large total damping force is required and a large value of should be chosen in the multi-objective function. If the MR damper is used in a vehicle suspension system to improve the ride comfort, small off-state damping force and a large value of should be chosen. If the MR damper is used for tracking desired damping profile under impact load, fast time response is preferred and consequently a large value of should be chosen. Tables 5 to 7 show the optimal configurations of the MR dampers when the weighting factors are selected as ¼ 0:
The optimal results reveal that the overall performance of the VRG-MMD (damping force, dynamic range, and inductive time) can be significantly improved. By changing the values of the weighting factors, a new optimal solution of the VRG-MMD can be obtained. Its performance will be dominated by the term with a larger weighting factor. Therefore, designers should have a good understanding of the specific requirements of different applications. In such a way, suitable values of the weighting functions can be chosen for the specific optimization design of a multi-coil MR damper. In addition, it is noted that the damping force and dynamic range will increase, the inductive time will decrease by increasing the applied exciting currents to the EMs. Thus, the performance of the VRG-MMD can be further improved by setting the exciting currents as I j ¼ 2 or 2.5 A. Performance evaluation of the optimal VRG-MMD
Damped sinusoidal excitations
To evaluate the dynamic characteristics of the optimized VRG-MMD, the case of ¼ 1=3, ¼ 1=3, ¼ 1=3 mentioned above is studied by applying an exponentially damped sinusoidal excitation
where a 0 is the amplitude, f is the frequency, and l is the decay constant. For performance comparison with the optimized VRG-MMD, the dynamic characteristics of the T-MMD with geometric parameters Figure 11 shows the velocity and pressure contour obtained from the CFD analysis when the piston velocity is " V p ¼ 1 m/s. It is clearly observed that the fluid forms vortex in the back chamber with sudden extension. In other words, the filler can relatively eliminate the vortex of the fluid by avoiding extremely low pressure regions during the damper compression and extension. Figure 12 shows the off-state damping force under the exponentially damped sinusoidal excitations shown in equation (24) with the frequency varying from 0.5 to 1.25 Hz. In a sense, the maximum off-state damping force generated by the optimized VRG-MMD is almost twice that of the T-MMD. However, due to the optimization for the magnetic circuit, the controllable force of the optimized VRG-MMD also improved significantly compared to that of the T-MMD as shown in Figure 13 . Please note that the Bingham model (Yang et al. 37 and Spencer et al. 38 ) for the MR fluid was utilized in the simulation and the hysteresis phenomenon due the ferromagnetic hysteresis and fluid friction flow was not considered in this study.
Triangle excitation
Similarly, to clearly evaluate its vibration performance, the optimal VRG-MMD subjected to an increasing piston velocity profile (0-1.2 m/s) has been investigated as shown in Figure 14 . The viscous damping coefficient is increasing as the piston velocity increases when no exciting currents are applied to the EMs. This is because the off-state damping exhibits non-linear damping effects at high piston velocity ( " V p > 1 m/s). Figure 15 shows the force-displacement relationship both under triangle excitation at constant velocities (0.35, 0.75, 1.15 m/s) and at different exciting current intensities through the EMs (0.5, 1.0, 1.5 A). It is also observed that compared to the T-MMD, the vibration performance of the optimal VRG-MMD is considerably improved in terms of the total damping force and dynamic range. The maximum damping force of the optimal VRG-MMD reaches 6000 N at " V p ¼ 0.75 m/s and I j ¼ 1.5 A. These results of the performance evaluation directly indicate the importance and necessity of the optimization design for a multi-coil MR damper.
Conclusion
A novel design of the VRG-MMD has been designed and evaluated. The performances of the initial VRG-MMD such as the total damping force, dynamic range, and inductive time constant were investigated based on the multi-physics, namely, magnetic field and fluid dynamics. A simplified magnetic equivalent circuit was presented with four individual voltage sources. In such a way, the magnetic flux passing through each active gap can be understood as vector operations when individual exciting currents are applied to four EMs.
To determine the optimal geometric dimensions of the VRG-MMD given a constant volume, a FEM combining magnetic field with fluid dynamics was performed using BOBYQA technique. The geometric parameters (coil width W c , pole radius R pi , and pole length L pi ) selected as the DVs, were employed to solve an optimization problem. The multi-objective function was proposed using weighting method by taking the total damping force, dynamic range, and inductive time constant into account. It has been demonstrated that both the controllable force and dynamic range are sensitive to the pole radius R pi while the inductive time is extremely sensitive to the pole length L pi . The simulation results also show that the optimal geometry of the VRG-MMD mainly depends on the weighting factors of the multi-objective functions.
Finally, the dynamic characteristics of the multi-coil dampers with equal weighting factors were studied by exerting external sinusoidal and triangle displacement excitations. The overall performance of the optimized VRG-MMD confirms a significant improvement in comparison with that of the T-MMD. 
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